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5D Kaluza - Klein’s Wormhole Between Two Event Horizons
Dzhunushaliev V.D. ∗
Theoretical Physics Department
Kyrgyz State National University, Bishkek, 720024
The solution of the 5D Kaluza-Klein’s theory is obtained.
This solution is a Lorentzian wormhole between two event
horizons. It is shown that this solution can sew with (4D
Reissner-Nordstro¨m’s solution + Maxwell’s electrical field) on
the event horizon. Such construction is composite wormhole
connecting two asymptotically flat region. From the view-
point of infinite observer this wormhole is an electrical charge.
According to J.Wheeler terminology this is ”charge without
charge”.
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In contemporary models of quantum gravity it is of
prime important the dynamical process carrying out
change of the space - time topology [1]. It is supposed
that such processes take place as a result of the worm-
holes origin. There are many models of the Eucledean’s
wormholes filled some kind of matter field (see, for ex-
ample, [2], [3]).
The aim of this paper is the construction of a composite
wormhole: it is the solution of 5D Einstein’s equations
(Kaluza - Klein’s equation) under event horizon (EH),
and Reissner - Nordstro¨m’s solution outside EH. Onto
EH is performed sewing the 5D Kaluza - Klein’s metric
with 4D Einstein’s metric + electrical field.
A. 5D Wormhole in Kaluza - Klein’s theory
The initial 5D Kaluza - Klein’s equation’s write down
in the following standart manner:
Rµν − 1
2
GµνR = 0 (1)
where Gµ,ν is 5D metrical tensor; Rµν is Ricci tensor; R
is scalar curvature; µ, ν = 1, 2, 3, 4, 5. 5D metric we seek
in the following wormholelike view:
ds2 = e2ν(r)dt2 − e2ψ(r) (dχ− ω(r)dt)2 − dr2 − a2(r) (dθ2 + sin2 θdϕ2) ,
(2)
where χ is 5 supplementary coordinate; r, θ, ϕ are 3D
polar coordinates; t is the time. Corresponding Kaluza -
Klein’s equations have the following view:
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here (′) denotes the derivative with respect to r. In equa-
tions system (3−6) it is taken the following equation into
account:
ω′ =
q
a2
e−3ψ+ν , (7)
obtained by integration of Rχt = 0 equation. q in Eq.(7)
is some constant (”electrical” Kaluza - Klein’s charge).
From Eq’s (3) and 5 it follows that ψ = −ν and the
initial system (3− 6) can written as follows:
a′′ +
a′
2
a
− 1
a
= 0, (8)
ν′′ +
2a′ν′
a
− q
2
2a4
e4ν = 0, (9)
ν′
2
+
1
a2
(
1− q
2
4a2
e4ν
)
− a
′2
a2
= 0. (10)
The integration of the Eq.(8) and Eq.(10) leads to the
following result:
a2 = r20 + r
2, (11)
e2ν =
2r0
q
r20 + r
2
r20 − r2
. (12)
where r0 is a minimal radius of given wormhole. Eq.(9)
is identical satisfied.
The integration of Eq.(7) leads to the following result:
ω =
4r20
q
r
r20 − r2
. (13)
It can be shown that the time component of metrical
tensor Gtt(r = ±r0) = 0. This indicates that there is the
event horizon by r = ±r0.
It is easy to see that solution (11 − 13) is nonsingular
by r ∈ (−∞,+∞) but the supplementary coordinate (χ)
can turns out to the timelike coordinate by |r| > r0. This
is unsatisfactory with respect to physical point of view.
On the other hand if the Kaluza - Klein’s action:
1
S = −
∫
R
√
−Gd5x (14)
not vary with respect to Gtt component, then we obtain
the regular physically reasonable solution by |r| > r0.
This is Reissner-Nordstro¨m’s solution.
B. The sewing Kaluza - Klein’s wormhole with
Reissner - Nordstro¨m’s solution
In this section we show that the Reissner - Nordstro¨m’s
solution really can to sew on EH with above received
5D wormhole [4]. To do this, the 5D Kaluza - Klein’s
metrical tensor is necessary to sew with (4D metric +
Maxwell’s electrical field in Reissner - Nordstro¨m’s solu-
tion).
The following metric components must be in agree-
ment on the sewing surface = EH :
e2ν0 − ω20e−2ν0 = Gtt (r0) = gtt (r+) = 0, (15)
r20 = Gθθ = gθθ = r
2
+, (16)
where G and g are 5D and 4D metrical tensor respec-
tively. r+ = m +
√
m2 +Q2 is EH for Reissner - Nord-
stro¨m’s solution (m and Q are mass and charge of the
Reissner - Nordstro¨m’s black hole). The quantity marked
by (0) sign are taken by r = r0.
To sew Gχt and 4D electrical field we consider 5D
Rχt = 0 equation and Maxwell’s equation:
[
a2
(
ω′e−4ν
)]′
= 0, (17)(
r2Er
)′
= 0, (18)
here Er is 4D electrical field.
This 2 equations are practically the Gauss law and
they indicate that some quantity multipled by area is
conserved. In 4D case this quantity is 4D Maxwell’s elec-
trical field and from this follows that the electrical charge
is conserved. Thus, naturally we must join 4D electrical
Reissner - Nordstro¨m’s field ERN = Q/r
2
+ with ”electri-
cal” Kaluza - Klein’s field EKK = ω
′e−4ν on EH:
ω′0e
−4ν0 =
q
2r20
= EKK = ERN =
Q
r2+
. (19)
Now, it is necessary to consider the question on the
sewing physical quantity produced from 1th and 2th
derivative of metric. Such geometrical quantity as con-
nection and curvature tensor consist of the 1th and 2th
derivative of the metrical tensor component respectively.
Hence, it is necessary to examine the question of sewing
this quantity.
By sewing 4D and 5D connections and curvature ten-
sors on EH we obtain a singularity (on surface sewing)
similar to singularity of |x| function at the point x = 0.
In this point of view 1th derivative has dicsontinuity and
2th derivative has δ-like singularity. Analogically in our
situation the connection has discontinuity and curvature
tensor has δ-like singularity.
By such singularity the connection as well as the cur-
vature tensor can to have certain nonsingular geometrical
meaning like to gravitational Regge calculus: The com-
ponents of the tangent vector, which are transferred in a
parallel way through sewing surface (EH) at an infinites-
imal distance, acquire the finite increment from the fact
that the connection has discontinuity.
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